We have advanced the energy and flux budget (EFB) turbulence closure theory that takes into account a two-way coupling between internal gravity waves (IGW) and the shear-free stably stratified turbulence. This theory is based on the budget equation for the total (kinetic plus potential) energy of IGW, the budget equations for the kinetic and potential energies of fluid turbulence, and turbulent heat fluxes for waves and fluid flow. The waves emitted at a certain level, propagate upward, and the losses of wave energy cause the production of turbulence energy. We demonstrate that due to the nonlinear effects more intensive waves produce more strong turbulence, and this, in turns, results in strong damping of IGW. As a result, the penetration length of more intensive waves is shorter than that of less intensive IGW. The anisotropy of the turbulence produced by less intensive IGW is stronger than that caused by more intensive waves. The low amplitude IGW produce turbulence consisting up to 90 % of turbulent potential energy. This resembles the properties of the observed high altitude tropospheric strongly anisotropic (nearly two-dimensional) turbulence.
I. INTRODUCTION
The classical theory of atmospheric flows is based on seminal papers by Rayleigh, Richardson, Prandtl, Kolmogorov, Obukhov and Monin (see, e.g., Refs. [1, 2] ). This theory implies that any turbulent flow can be considered as a superposition of the fully organised mean flow, and the fully chaotic turbulence characterised by the forward energy cascade from the larger eddies to smaller, resulting in the viscous energy-dissipation at the smallest eddies, with a pronounced inertial interval in the energy spectrum that is fully determined by the energydissipation rate [3] . The local characteristics of turbulence, in particular, turbulent fluxes that appear in the mean-flow equations, are generally controlled by the local features of the mean flow. It is also assumed that the turbulent flux of any quantity can be expressed as a product of the mean gradient of the quantity multiplied by a turbulent-exchange coefficient. This concept of down-gradient transport reduces the closure problem to determination of the turbulent-exchange coefficients, usually taken proportional to the turbulent kinetic energy and time scale (see, e.g., Refs. [1, 2] ). This has been formulated for neutrally stratified flows. * gary@bgu.ac.il; http://www.bgu.ac.il/˜gary However, atmospheric flows often include, besides Kolmogorov turbulence, another type of motions, associated with the development of large-scale structures, e.g, largescale coherent semi-organised structures (i.e., cloud cells and cloud streets) in turbulent convection [4] [5] [6] [7] [8] and internal gravity waves in stably stratified turbulence [9] [10] [11] [12] [13] [14] . The majority of efforts in development of the turbulence closure models for meteorological and oceanographic applications over half a century have been limited to "mechanical closures" based on the sole use of the turbulent kinetic energy equation, disregarding turbulent potential energy, and daring only cautious corrections to the concept of down-gradient transport.
In stable stratification, such closures have resulted in the erroneous conclusion that shear-generated turbulence inevitably decays and that the flow becomes laminar in "supercritical" stratifications (at Richardson numbers exceeding some critical value, see, e.g., [15, 16] ). Obvious contradictions of this conclusion via the well-documented universal presence of turbulence in strongly supercritical conditions typical of the free atmosphere and the deep ocean (see, e.g., Refs. [17] [18] [19] [20] [21] [22] [23] ) were attributed to some unknown mechanisms and, in practical applications, mastered heuristically (see overviews in Refs. [23, 24] ). The decay of strongly stably stratified turbulence in direct numerical simulations (DNS) have been explained by the effect of diminishing the effective Reynolds number, which comes into play in the not-high-Reynolds-number flows in DNS, but remains insignificant in the very-highReynolds-number atmospheric flows.
These principal problems call for a revision of the traditional theory of atmospheric turbulence. The strongest motivation for the revision comes from the need to improve the modern numerical weather prediction, air quality, and climate models, in which turbulent planetary boundary layers couple the atmosphere with underlying land/water/ice surfaces. Stably stratified turbulence determines the vertical turbulent transport of energy and momentum and the turbulent diffusion of pollutants, aerosols, and other admixtures in the free atmosphere.
Numerous alternative turbulence closures in stratified turbulence have been formulated using the budget equations for various turbulent parameters (in addition to the turbulent kinetic energy) together with heuristic hypotheses and empirical relationships (see reviews [25, 26] ). Two-point turbulent closures have been developed as well (see reviews [27, 28] ), which take into account a very detailed scale-by-scale and directional anisotropy, that is almost lost in single-point closures.
One of the key ingredients of stably stratified turbulence are internal gravity waves. In atmospheric and oceanic turbulence they have been a subject of intense research (see, e.g., [29] [30] [31] [32] [33] [34] [35] [36] [37] ). In the atmosphere, internal gravity waves exist at scales ranging from meters to kilometers, and are measured by direct probing or remote sensing using radars and lidars. The sources of internal gravity waves can be flows over complex terrain, strong wind shears, convective and other local-scale motions underlying the stably stratified layer, and wave-wave interactions [38] [39] [40] .
Different nature of fluctuations caused by turbulence and waves in stratified flows has been pointed out in [41] . The role of waves in turbulence closure models has been discussed in [42] [43] [44] An additional negative term in the TKE budget equation (the rate of transfer of TKE into potential energy of wave-like motions) has been included in [43] . It was noted that with increasing stability, the wave-like motions dominate in comparison with velocity and buoyancy fluctuations of stratified turbulence, and fluctuations caused by waves suppress vertical mixing (see also [26] ).
Analysis of the budgets of the wave kinetic energy and the wave temperature variance has been done in [45] [46] [47] [48] [49] . They found significant buoyant production of the wave energy despite the strong static stability and energy transfer from waves to turbulence. Different aspects related to the effects of internal gravity waves (IGW) have been also discussed in [28] . It was stressed that in the limit of small Froude number, internal gravity waves only affect a poloidal part of the flow. A strong toroidal cascade coexisting with weak IGW cascade has been found as well [28] .
Numerous high resolution DNS of stably stratified turbulence with IGW have been performed as well (see, e.g., [50] [51] [52] [53] [54] ). The role of IGW and their interaction with the large-scale flow of vertically sheared horizontal winds has been studied in [51] . It has been shown that most of the energy is concentrated along a dispersion relation that is Doppler shifted by the horizontal winds. They pointed out that when uniform winds are let to develop in each horizontal layer of the flow, waves whose phase velocity is equal to the horizontal wind speed have negligible energy, which indicates a nonlocal transfer of their energy to the mean flow. Scaling laws for mixing and dissipation in unforced stratified turbulence have been found in [52] . Three regimes characterised by Froude number, namely (i) dominant waves, (ii) eddy-wave interactions and (iii) strong turbulence have been observed in [52] . An interaction between large-scale IGW and turbulent layer above the pycnocline (where the density gradient is largest) has been studied using DNS in [53, 54] . They have demonstrated that in the absence of IGW, the turbulence decays and the most of the turbulent energy is concentrated at the pycnocline center. The turbulent eddies are collapsed in the vertical direction and acquire the pancake shape. The internal gravity waves significantly increase turbulent energy [53, 54] .
The energy-and flux-budget (EFB) theory of turbulence closure for stably stratified dry atmospheric flows has been recently developed in Refs. [55] [56] [57] [58] [59] . In accordance with wide experimental evidence, the EFB theory shows that high-Reynolds-number turbulence is maintained by shear in any stratification, and the "critical Richardson number", treated over decades as a threshold between the turbulent and laminar regimes, factually separates two turbulent regimes: the strong turbulence, typical of atmospheric boundary layers, and the weak three-dimensional turbulence, typical of the free atmosphere or deep ocean and characterised by sharp decrease in heat transfer in comparison to momentum transfer. The principal aspects of the EFB theory have been verified against scarce data from the atmospheric experiments, direct numerical simulations, large-eddy simulations (LES) and laboratory experiments relevant to the steady state turbulence regime.
In stably stratified turbulence, large-scale internal gravity waves cause additional vertical flux of momentum and additional productions of turbulent kinetic energy (TKE), turbulent potential energy (TPE) and turbulent flux of potential temperature [57] . For the stationary, homogeneous regime, the EFB theory in the absence of the large-scale IGW yields universal dependencies of the flux Richardson number, the turbulent Prandtl number, the ratio of TKE to TPE, and the normalised vertical fluxes of momentum and heat on the gradient Richardson number, Ri (see Refs. [55, 59] ). Due to the large-scale IGW, these dependencies lose their universality. The maximal value of the flux Richardson number (universal constant 0.2-0.25 in the no-IGW regime) becomes strongly variable in the turbulence with large-scale IGW. In the vertically homogeneous stratification, the flux Richardson number increases with increasing wave energy and can even exceed 1. The large-scale internal gravity waves also reduce anisotropy of turbulence. Indeed, in contrast to the mean wind shear, which generates only horizontal component of the turbulent kinetic energy, IGW generate both horizontal and vertical components of TKE. These waves increase the share of TPE in the turbulent total energy (TTE = TKE + TPE). A well-known effect of IGW is their direct contribution to the vertical transport of momentum. Depending on the direction (downward or upward), IGW either strengthen or weaken the total vertical flux of momentum. Predictions from this theory [57] are consistent with available data from atmospheric and laboratory experiments, DNS and LES.
In the theory discussed in [57] , the stably stratified turbulence is produced by a large-scale wind shear. This theory takes only into account a one-way coupling corresponding to the effect of large-scale IGW with random phases on stably stratified turbulence, while the feedback effect of the turbulence on IGW has been ignored in [57] . In view of applications, the theory discussed in [57] describes only turbulence in the lower troposphere (up to the altitudes about 1 -1.5 km).
The goal of the present study is to investigate the twoway coupling between large-scale IGW and shear-free stably stratified turbulence. This implies that the turbulence is produced solely by dissipation of IGW propagating in stratified turbulent flows. In the analysis, we use the budget equations for the kinetic and potential energies of both, fluid turbulence and large-scale IGW with random phases. We also apply the budget equations for turbulent heat flux and momentum. We demonstrate that due to the nonlinear effects the penetration length of the more intense IGW is less than that for the less intensive IGW (with lower wave energy). The low amplitude IGW produce turbulence consisting up to 90 % of potential energy. The results of the present study describe only the upper troposphere (located at the altitudes about 10 -15 km), see, e.g., [35] [36] [37] , and references therein. This paper is organized as follows. In Section II we outline properties of the internal gravity waves propagating in a fluid in the absence of turbulence. We also discuss here the energy budget equations for IGW. In Section III we formulate governing equations for the energy and flux budget turbulence-closure theory for stably stratified turbulence with large-scale IGW. In Section IV we study the effects of large-scale IGW on turbulence for the steady-state regime. The two-way coupling between turbulence and large-scale IGW is analysed in Section V. Finally, conclusions are drawn in Section VI.
II. LARGE-SCALE IGW IN THE STABLY STRATIFIED FLOWS
In this study we focus on the effect of large-scale internal gravity waves on the stably stratified turbulence. In the next section we consider linear IGW in the absence of turbulence.
A. Linear IGW in the absence of turbulence First we outline properties of the internal gravity waves propagating in a fluid in the absence of turbulence and neglecting dissipations. These waves are described by the following equations:
whereṼ W ,Θ W andP W are the velocity, potential temperature and pressure characterising IGW, e is the vertical unit vector, β = g/T 0 is the buoyancy parameter, g is the acceleration due to gravity, N = (β|∇ zΘ |) 1/2 is the Brunt-Väisälä frequency,Θ is the potential temperature of fluid defined asΘ =T (P 0 /P ) 1−1/γ , whereT is the absolute temperature, T 0 is its reference value,P is the fluid pressure, P 0 is its reference value, γ = c p /c v = 1.41 is the specific heats ratio, and ρ 0 is the fluid density. The potential temperatureΘ W for waves is defined in a similar way. Equations (1) and (2) (1) and (2) are given byṼ
(see, e.g., [11, 12, 60] ), where ϕ(r) is the wave phase, k = k h +ek z is the wave vector; k h = (k x , k y ) is the horizontal wave vector, V W * (z) is the wave velocity amplitude, and the frequency of IGW is given by
Propagation of IGW in an inhomogeneous medium is determined in the approximation of geometrical optics by the following Hamiltonian equations:
(see, e.g., [61] ), where r is the radius-vector of the centre of the wave packet. Since the Brunt-Väisälä frequency N = N (z) depends on the vertical coordinate, Eq. (8) yields k h = const and the vertical component of the wave vector depends on z, i.e., k z = k z (z). Equations (6) and (8) for the IGW with a fixed frequency allow to determine k(z) as
where z = z 0 is the location hight of the IGW source and
implies that the vertical wave numbers, k z (z), change when the IGW propagates through the stably stratified flow. When the IGW source is located at the surface (for z 0 = 0), the vertical wave number is
When the IGW source is located at the upper boundary of the layer under consideration (for z 0 = H), the vertical wave number is given by
B. Budget equations for IGW
Let us study the effect of large-scale IGW on the stably stratified turbulence. The wavelengthes and periods of the large-scale IGW are much larger than the turbulence spatial and time scales, respectively. This allows us to treat the large-scale IGW with respect to turbulence as a kind of mean flows with random phases. We neglect small molecular dissipation of IGW for large Péclet numbers. At the low frequency part of the IGW spectra, we limit our analysis to frequencies essentially exceeding the Coriolis frequency.
We consider the flow fields as a superposition of three components: mean fluid velocity, U (t, z), fluctuations of fluid velocity, u(t, r), and random large-scale IGW velocity field, V W (t, r), i.e., the total velocity is v = U + u + V W . To determine the random large-scale wave velocity field, V W (t, r) ≡ v − v , besides the ensemble averaging over turbulent fluctuations (denoted by the angular brackets), we also perform an averaging in time over the IGW period (denoted by overbar). Similar decompositions we also use for the total potential temperature, Θ tot = Θ + θ + Θ W , and for the total pressure, P tot = P + p + P W , where P and Θ are the mean potential temperature and pressure, p and θ are fluctuations of the potential temperature and pressure, and the wave fields are determined as Θ W (t, r) = Θ tot − Θ tot and P W (t, r) = P tot − P tot . We assume that the mean fields depend on z-coordinate and time, while the largescale wave fields depend on all three coordinates and can be represented as an ensemble of wave packets with narrow frequency range and random phases.
In this study we consider a shear-free turbulence, and for simplicity we assume that the mean fluid velocity is zero. We consider low-amplitude approximation for the large-scale IGW and neglect the wave-wave interactions, but take into account the interactions between turbulence and the large-scale IGW. Equations for the large-scale IGW in stably stratified turbulence are given by
where the interaction between the turbulence and the large-scale IGW is described by the effective Reynolds stress tensor, τ
, and the effective flux of potential temperature,
Equations (10)- (11) are mean-field equations, where the divergence of the Reynolds stress in the mean momentum equation, and the divergence of the turbulent heat flux in the mean potential temperature equation determine effects of turbulence on the mean fields. To derive Eqs. (10)- (11) for IGW, we derive two system of equations: the first system is obtained by the ensemble averaging of the exact momentum and potential temperature equations over turbulent fluctuations (denoted by the angular brackets); the second system is obtained by the additional time averaging of the first system of mean-field equations over the IGW periods (denoted by overbar). Equations (10)- (11) are obtained by the subtraction of the second system of equations from the first system. Using Eqs. (10)- (11), we derive budget equation for the total wave energy,
where
0 F W P W is the flux of the total wave energy, E W , and
is the dissipation rate of the large-scale IGW that is determined by the work of turbulence caused by the interaction with the large-scale IGW. In the gradient approximation, the dissipation rate of the large-scale IGW is positive, D W > 0. Indeed, as has been shown in [11] (see Eq. (3.72) in [11] ), the flux Φ W of the total wave energy, E W , is given by
) is the group velocity of the large-scale IGW.
Let us obtain a steady-state solution of budget equation (12) for the total wave energy considering two cases:
(i) Non-dissipative large-scale IGW, i.e., D W = 0. In this case steady-state solution of Eq. (12) reads:
Since k h = const and ω = const, we find that the vertical profile of the wave amplitude in the solution forṼ W (t, r) [see Eq. (3)] is given by:
This profile is in agreement with the result obtained using the WKB approximation in [11] .
(ii) Dissipative large-scale IGW. In this case D W = 2K M (1 + Pr)k 2 E W for narrow wave packet and homogeneous isotropic turbulence, where K M is the eddy viscosity and Pr = ν/κ is the Prandtl number. Thus, steadystate solution of Eq. (12) reads:
Equation (15) yields
In the absence of turbulence (K M → 0), the parameter τ g tends to 0, so that Eq. (17) coincides with Eq. (14) . It follows from Eq. (17) that in the absence of turbulence in the vicinity of a resonance, ω = N (z = z r ), the amplitude of the large-scale IGW tends to infinity. This implies that the low amplitude approximation does not valid, and the nonlinear effects (e.g., the wave braking) should be taken into account. For instance, the wave braking can cause an additional production of turbulence. On the other hand, in the presence of turbulence the infinite growth of the wave amplitude does not occur if the first and the second spatial derivatives of the Brunt-Väisälä frequency vanish at the surface z = z r .
In the next section we will formulate the budget equations for stably stratified turbulence with large-scale IGW. In order to close this system of the budget equations, one needs to determine the second moments, τ W ij and F W , the fluxes F W j Θ W and τ W ij V W i , which will be done in the next sections.
III. BUDGET EQUATIONS FOR TURBULENCE WITH LARGE-SCALE IGW
We consider the large-scale IGW whose periods and wave lengths are much larger than the turbulent time and length scales. Therefore, although the IGW have random phases, the wave field interacts with the smallscale turbulence in the same way as the mean flow. In this study we neglect the wave-wave interactions at large scales, but take into account the turbulence-wave interactions. We limit our analysis to the geophysical flows, in which the vertical variations of the mean fields are much larger than the horizontal variations, so that the terms associated with the horizontal gradients in the budget equations for turbulent statistics can be neglected. For instance, in typical atmospheric flows, the vertical scales (limited to the height scale of the atmosphere or the ocean: H ∼ 10 4 m) are much smaller than the horizontal scales, so that the mean vertical velocity is much smaller than the horizontal velocity.
In the turbulent closure model, we use budget equations for the one-point second moments by the following reasons. We develop a mean-field theory and do not study small-scale structure of turbulence. In particular, we study large-scale long-term dynamics, i.e., we consider effects in the spatial scales which are much larger than the integral scale of turbulence and in time scales which are much longer than the turbulent time scales.
The budget equations for the turbulent kinetic energy (TKE), E K = u 2 /2, the intensity of the potential temperature fluctuations, E θ = θ 2 /2, and the vertical potential-temperature flux, F z = u z θ , accounting for large-scale IGW can be written as
(see, e.g., Ref. [57] ), where D/Dt = ∂/∂t + U ·∇. The terms Φ K , Φ θ and Φ F include the third-order moments.
In particular, Φ K = ρ
are the dissipation rates of the turbulent kinetic energy E K , the intensity of the potential temperature fluctuations E θ and the vertical turbulent heat flux F z . These dissipation rates are expressed using the Kolmogorov hypothesis [3] , where
K is the turbulent dissipation time scale, ℓ 0 is the integral scale of turbulence, C p and C F are dimensionless constants.
The third term in the right hand side of Eq. (20) contributes to the traditional gradient flux (proportional to −∇ z Θ), while the first and the second terms in the right hand side of Eq. (20) describe a non-gradient contribution to the vertical flux of potential temperature. In stably stratified flows these two fluxes have opposite signs, so that the non-gradient contribution decreases the traditional gradient heat flux.
The budget equations for the kinetic energies, E α = u 2 α /2, along x, y and z directions can be written as follows:
where α = x, y, z, the term ε
T is the dissipation rate of the kinetic energy components, Φ α = ρ
α determines the flux of E α , the term Q αα are correlations between the fluctuations of the pressure, p, and the small-scales velocity shears:
0 ( p∇ i u j + p∇ j u i ). In Eq. (21) we do not apply the summation convention for the double Greek indices.
Equations (18)- (21) are obtained by averaging over the ensemble of turbulent fluctuations and over the period of large-scale IGW. These equations without the largescale IGW terms can be found in [55, 56, 59 ] (see also, e.g., [30, [62] [63] [64] ). Hereafter we restrict our analysis to the effects of the large-scale IGW on the second order statistics and leave the IGW third order moments (the fluxes of energies and the fluxes of momentum and heat fluxes) for further study.
The IGW terms in Eqs. (18)- (21) include the instantaneous Reynolds stresses, τ W ij , and turbulent flux of potential temperature, F W j , which are derived in [57] : τ
These quantities are caused by interactions between the large-scale IGW and turbulence. They are determined by subtracting of the ensemble-averaged equations (but not averaged over the IGW period) from exact equations for these quantities, assuming that ωt T ≪ 1, ε
, and omitting the terms quadratic in wave amplitude, which do not contribute to the correlations τ W ij ∇ j V W i and τ W ij ∇ j Θ W , where C τ is dimensionless constant. In the next section we will use Eqs. (18)- (21) to study effects of the largescale IGW on turbulence.
IV. EFFECTS OF LARGE-SCALE IGW ON TURBULENCE: STEADY-STATE REGIME
In this section we study the effects of large-scale internal gravity waves on turbulence, using the steady state version of Eqs. (18)- (21) . Solving the system of these equations, we obtain the turbulent kinetic energy E K and the vertical turbulent flux F z of the potential temperature:
where N 0 = N (z 0 ) and the coefficient of turbulent (eddy) diffusivity is
Here we have introduced the following two key parameters characterising effects of the large-scale IGW on turbulence: (i) the wave Richardson number:
(ii) the parameterŴ :
where E W is the total wave energy, H is the hight of the layer where the large-scale IGW propagate, the dimensionless functions Γ(µ) and Ψ(Q, µ) are given below, µ is the exponent of the energy spectrum of the large-scale IGW and Q = [N (z)/N (z 0 )] 2 is the dimensionless lapse rate.
The reason for using these parameters for description of the effects of large-scale IGW on turbulence is as follows. We consider a shear-free turbulence. The turbulence is produced only by large-scale IGW, so that the classical gradient Richardson number tends to infinity. The most appropriate parameter in this case is the effective Richardson number Ri W associated with the amplitude of the wave. For instance, the large wave Richardson number implies a low-amplitude wave. The parameterŴ is the ratio of the TKE production rate caused by the internal gravity waves to the dissipation rate of TKE. This parameter describes the efficiency of the turbulence production by waves. It depends on the wave Richardson number,Ŵ =Ŵ (Ri W ) and is proportional to the squared ratio of the wave shear, √ E W /H, and the turbulent shear, √ E K /ℓ 0 . The functionŴ (Ri W ) is determined by the cubic algebraic equation:
The function Γ(µ) in Eq. (27) depends on the energy spectrum of the large-scale IGW. For a power law energy spectrum of IGW (∝ k
3−µ for 1 < µ < 3; Γ(µ) = 4 ln(H/L W ) for µ = 3 and Γ(µ) = C µ for µ > 3, where C µ = 2(µ − 1)/(µ − 3) [57] . The function Ψ(Q, µ) in Eq. (28) that is related to the parameterŴ , is given by
Note that the Froude number Fr = U/(LN 0 ) used in fluid dynamics is related to the wave Richardson number Ri W as Fr = Ri Assuming for simplicity constant Brunt-Väisälä frequency (Q = 1), and using the steady state version of Eqs. (18)- (21), we obtain the vertical anisotropy A z and the ratio of turbulent potential and kinetic energies, E P /E K :
where 
so that the turbulent Prandtl number is
Equation (30) determines the vertical anisotropy parameter (24)- (26) and (31) allow us to determine the nondimensional ratio
Let us discuss the choice of the dimensionless empirical constants in the developed theory. There are two well-known universal constants: the limiting value of the flux Richardson number Ri * f = 0.25 for an extremely strongly stratified turbulence (i.e., at infinite gradient Richardson number) and the turbulent Prandtl number Pr 
for a non-stratified turbulence. The constant C P = 0.417 which describes the deviation of the dissipation time scale of E θ = θ 2 /2 from the dissipation time scale of TKE. The constants C F , C P and A * z are determined from numerous meteorological observations, laboratory experiments and LES (see details in [59] ). The results essentially depends on the empirical constant C θ , e.g., the constant C θ = 1/15 is chosen to get a small parameter A * z for an extremely strongly stratified turbulence to reproduce a quasi-twodimensional turbulence in this case.
In Fig. 1 we show the dependence of the vertical anisotropy parameter A z = E z /E K on the wave Richardson number Ri W for different values of the parameter C θ . The anisotropy parameter depends strongly on the empirical constant C θ , e.g., it becomes negative, A z < 0, when C θ < 1/15. This indicates that the system does not reach a steady-state.
The ratio of the turbulent potential energy, E P , to the total turbulent energy E = E K + E P versus the wave Richardson number Ri W is shown in Fig. 2 . It is seen here that for large wave Richardson number (i.e., for the low amplitude IGW), the turbulent potential energy is about 90 % of total turbulent energy. Without waves, the ratio E P /E is less than 0.2, while in the presence of the large-scale IGW this ratio can reach 0.9. The nondimensional turbulent kinetic energy E K /(ℓ 0 N 0 ) 2 versus Ri W [see Eq. (24)] is shown in Fig. 3 . It is clearly seen in this figure, that the turbulent kinetic energy decreases rapidly with the increase of Ri W , and E K is less than the Ozmidov energy scale, (ℓ 0 N 0 ) 2 . Note that the Ozmidov length scale, ε K /N 3 0 , is well known as a rough threshold between anisotropic scales and isotropic ones, where ε K is the dissipation rate of TKE.
In Figs. 4 and 5 we show the turbulent Prandtl number Pr T and the non-dimensional squared potential temperature flux F 2 z /E K E θ versus the wave Richardson number Ri W , respectively. It can be seen in these figures that the turbulent Prandtl number increases with decrease of the wave energy E W , becomes quite large, and the heat transfer becomes weaker, i.e., the ratio F creases with decrease of the wave energy.
V. TWO-WAY COUPLING BETWEEN TURBULENCE AND LARGE-SCALE IGW
In this section we consider the two-way coupling of stably-stratified turbulence and large-scale IGW. The large-scale IGW emitted at a certain level, propagate up- ward, and the losses of wave energy cause the production of turbulence energy. The equation (12) for the total wave energy, E W , reads:
where the damping rate, γ d , of the large-scale IGW is given by
is the group velocity of the large-scale IGW and the function f (Q) is
The steady-state version of Eq. (35) can be rewritten in the form of the nonlinear Byger equation, ∇ z I = −κ I, where I = V g E W and κ = γ d /V g . This equation can be rewritten as
where the effective damping length scale H eff is defined as
and C µ = 2(µ − 1)/(µ − 3) depends on the exponent µ of the energy spectrum of the large-scale IGW. This equation allows us to obtain a spatial profile of the wave Richardson number. In particular, the function Ri W (z), as the result of solution of Eq. (38) is shown in Fig. 6 . As follows from Eq. (39) and Fig. 6 , the effective damping length scale H eff is much larger than the equilibrium height H. This implies that the large-scale IGW penetrate almost the entire atmosphere height and generate weak turbulence. These waves are significantly attenuated at z = 10H eff . Equation for the total turbulent energy
where Π = γ d E W is the production rate of the total turbulent energy E caused by the damping of the largescale IGW, ε = E/(C P t T ) is the dissipation rate of the total turbulent energy. Equations (35) and (40) yield the budget equation for the sum of the turbulence and wave energy, E + E W :
This equation describes energy exchange between turbulence and large-scale internal gravity waves. Let us analyse the two-way interaction between largescale IGW and stably-stratified turbulence. In Fig. 7 we show the vertical profile of the normalised turbulent kinetic energy, E K (z)/(ℓ 0 N 0 ) 2 . It decreases rapidly with height reaching the value 2 × 10 −3 at z = 10H eff . The behaviour of the vertical profile of the normalised squared potential temperature flux F 2 z /E K E θ plotted in Fig. 8 is similar to the vertical profile of the turbulent kinetic energy.
For intensive IGW, the anisotropy parameter A z is weak, but it increases when the wave loses its energy. Anisotropy of turbulence increases (i.e., A z decreases) with height, and this effect is more significant for C θ = 1/15 (see Fig. 9 ). For small wave Richardson numbers (i.e., for intensive waves), turbulence is almost isotropic, but for large heights the turbulence anisotropy becomes more significant compared to the case of a sheared stably stratified turbulence. In particular, when hight z varies from z = 0.1 H eff to z = 50H eff , the parameter A z decreases in 10 times (see Fig. 9 ). The latter implies formation of a "pancake" structure in turbulent velocity field for large z (see, e.g., [27, 28] ). The turbulent Prandtl number and the ratio of potential to the total energy E P /E shown in Figs. 10 and 11, increase with height as the wave becomes less intensive. It is seen in Fig. 11 that for the upper layers temperature fluctuations dominate over velocity fluctuations. In particular, the ratio E p /E increases up to 0.85 at z = 50H eff . For comparison, in a shear-produced stably stratified turbulence without IGW, the ratio of turbulent potential energy to total turbulent energy, E p /E, reaches 0.15 at very large gradient Richardson numbers (see Fig. 7 in [59] ). On the other hand, in a shear-produced stably stratified turbulence with IGW (where only the one-way coupling is taking into account), the maximum ratio E p /E increases up to 0.45 at very large gradient Richardson numbers (see Fig. 5 in [57] ). 
VI. CONCLUSIONS
• Within the new EFB turbulence closure model a system of equations describing two-way interactions between internal gravity waves (IGW) and turbulence has been derived. This system includes the budget equation for the total (kinetic plus potential) energy of IGW, and the equations for the kinetic and potential energies of turbulence, turbulent heat fluxes for waves and flow for arbitrary stratification. The general physical picture in twoway coupling between IGW and turbulence is following: waves emitted at a certain level (in case if there is no refraction), propagate upward. The losses of wave energy cause the production of turbulence. Therefore, waves transfer energy, while turbulence causes its losses. We have shown that more intensive waves penetrate in a shorter distance, while less intense IGW penetrate in larger distances. This is caused by the nonlinear effects, where the more intense IGW produce more strong turbulence that results in more intensive damping of IGW.
• The analysis of the effects of IGW on the anisotropy of turbulence has shown that for less intensive waves the turbulence anisotropy is stronger. Low amplitude waves produce anisotropic turbulence with a low energy, and the total turbulent energy consists up to 90 % of potential energy. This property resembles one observed in high altitude tropospheric nearly two-dimensional turbulence.
• We also have demonstrated that the kinetic energy of turbulent fluctuations has the Ozmidov energy scale (which is the product of the Brunt-Väisälä frequency and turbulence integral scale). When turbulence is produced only by waves, the classical Richardson number tends to infinity, because it is a free-shear turbulence. The shear-free turbulence corresponds to the situation when the wave shear is much larger than the wind shear. The most appropriate parameter in this case is the effective Richardson number associated with the amplitude of the wave.
The functionŴ (Ri W ) is determined by the following cubic algebraic equation:Ŵ 3 + B 1Ŵ 2 + B 2Ŵ + B 3 = 0, where
and
